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and combustion of conventional hydrocarbons. In such cases
the increase in pressure drag due to blowing is largely offset by
the reduction in friction drag and hence the weak dependence
of CD on mass transfer. However, in the presence of excessive
volatility, friction drag essentially vanishes, resulting in the de-
terioration of the Renksizbulut-Yuen correlation.
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Dusty Supersonic Viscous Flow
over a Two-Dimensional Blunt Body

R. Elangovan* and H. V. Caot
Boeing Airplanes, Wichita, Kansas

c =
CD =
Cp =
Cv =
Cm =
L =

p =
Pr =
R =
ReL =

Rep =

Rer =
T =

Nomenclature
sound speed, c/u^
drag coefficient of particle
gas specific heat at constant pressure, J/kg-K
gas specific heat at constant volume, J/kg-K
specific heat of particle material, J/kg-K
reference length, m
freestream Mach number
pressure, p/p^if^
Prandtl number
gas constant, J/kg-K, or leading-edge radius, m
Reynolds number based on characteristic length,

Reynolds number based on particle diameter
[see Eq. (5)]
relative Reynolds number [see Eq. (4)]
gas temperature,

Tp = particle temperature, Tp/t*>
To, = freestream gas temperature, K
u = gas velocity component in x direction, up/
up = particle velocity component in x direction,
i/oo = freestream gas velocity, m/s
v = gas velocity component in y direction, V/MO
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vp = particle velocity component in y direction, Vp/ii*
x,y = Cartesian coordinates in physical space, x=x/L,

y=y/L
T = particle material specific heat ratio, Cm/Cp
y = gas specific heat ratio, CP/CV
d - freestream loading ratio, Pp^/Poo
//, = gas viscosity, ji/jJLoo
/ioo = freestream gas viscosity, kg/s-m
p = gas phase density, p/p^
pm = density of particle material, kg/m3

pp = particle phase density, pp/pv>
Pa, = freestream gas density, kg/m3

a = particle radius, jum
TT = temperature relaxation time [see Eq. (3)]
7V = velocity relaxation time [see Eq. (2)]
(-) = dimensional quantities

I. Introduction

DUSTY gas flows have been studied by a number of au-
thors1'8 in the past due to applications of the flows in

rocket nozzle flow, supersonic flight through dust clouds, in
the prediction of erosion damage caused by dust particles, and
in flow-measuring instruments that use particles as tracers. In
such two-phase flows, the gas phase and particle phase may
have different velocities and temperatures, and as a conse-
quence the two phases interact through viscous drag and heat
transfer. As a result of the interaction, the gas phase flowfield
differs from its corresponding pure gas flowfield. When a
two-phase flow encounters a disturbance such as a shock wave,
nonequilibrium is created between the two phases, and some
relaxation distance is required before the gas and particle
phases obtain a new equilibrium state.

Numerous inviscid analytical and numerical solutions of
dusty supersonic flow over simple two-dimensional ge-
ometries, such as wedges and cones with attached shocks, can
be found in the literature.2'5'7 All of these solutions are based
on the method originally proposed by Carrier.9 The Carrier
method anlysis requires the specification of gas and particle
properties behind the gasdynamic shock as initial conditions
for numerical integration. The determination of gas properties
behind the gasdynamic shock requires knowledge of the shock
location and shape. In a recent investigation,10 which is also
based on the Carrier method, inviscid dusty supersonic flow
over a blunt axisymmetric body with a detached shock was
treated. The solution technique used in the investigation is the
so-called inverse method in which the shock shape is specified
and the flowfield and body shape are numerically determined.

In problems of practical interest, neither the shock position
nor the shape is known beforehand. When a detached bow
shock wave is present, the gas properties behind the shock
required for numerical solution cannot be determined accu-
rately. The presence of multiple shocks complicates the prob-
lem further, since both the gas and the particle properties
needed for numerical solution are not known due to the equi-
libration process taking place between the shocks. In this
paper, a general direct numerical method for solving the full
dusty gas viscous flow equations is presented. The numerical
method is validated by comparing the normal shock structure
solution obtained by solving the two-dimensional equations
using the present method with that of the Carrier method
solution. The present method is also used to compute the dusty
gas flowfield over a two-dimensional blunt body.

II. Model Equations
The basic equations of motion governing dusty viscous

flow1 in two dimensions can be written in conservation form as

8U dF dG_ =
dt dx dy (1)
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and where T^, Txy, and ryy are the components of the shear-
stress tensor, and qx and qy are the components of the heat-flux
vector. The gas phase and particle phase fojal energy terms are
given by

If the drag coefficient for the particles is assumed to be of the
form11

24 / Re

then, the drag force terms in nondimensional form are given
by

'--

18/iooI
(2)

The heat transfer between the gas and particles is given by

QP- (T-l)M2rr
—— Nu(Tp-T)

(3)

where the Nusselt number correlation used is of the following
form12

Nu =

Rep = p002at/oc

(4)

(5)

In the formulation of the model equations, the main assump-
tions made are 1) the particles are assumed to be spherical in
shape; 2) the number density of particles |s sufficiently large so
that the particle cloud can be described by a set of continuum
variables; 3) the volume fraction of the particles is small so
that the collisions between individual particles can be ne-
glected; and 4) the gas phase and particle phase interact ex-
clusively through the drag force and the heat exchange between
them.

III. Numerical Algorithm
The explicit predictor-corrector equatipns for approximat-

ing Eq. (1) are
Predictor:

_ rrn
— U; ; ~

'J

U un
~ /I: (6)

Corrector:

AJC Ay (7)

where

Hfi =
"*

Hmdx dy

m = n or n + 1
The double integral over His evaluated numerically over a grid
cell spacing using trapezoidal rule quadrature. The first step
[Eq. (6)] predicts a new solution at time t = (n + l)At at each
mesh point ij from the known solution at time t-nAt and
uses a one-sided difference to approximate the first derivative
and a centered difference for the second derivative. The second
step [Eq. (7)] corrects the predicted values with an opposite
one-sided difference for the first derivative. This differencing
procedure is similar to the MacCormack explicit method13 and
is second-order accurate. Since the particle relaxation time
scales are larger than the fluid dynamic time scale, the maxi-
mum computational time step is given by the CFL and viscous
stability requirement for the MacCormack method.

IV. Normal Shock and Relaxation Zone Structure
The normal shock and relaxation zone structure proposed

by Carrier9 consists of 1) an equilibrium mixture ahead of the
shock (state 1), 2) a gasdynamic shock 1—2, where, as a result
of the transition through the shock front, a nonequilibrium
condition is suddenly established, 3) a relatively thick nonequi-
librium zone in which the velocity- and temperature-equilibra-
tion processes take place 2—3, and 4) a new equilibrium of the
particle with the gas (state 3). The rationale for the separation
of these zones is that the volume fraction of particles is negli-
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gible and the gasdynamic shock structure is unaffected by the
particle cloud. Since the time in which a particle crosses the
shock front is about two to three orders of magnitude smaller
than both the velocity- and temperature-relaxation time, the
particle crosses the shock front with negligible change in veloc-
ity and temperature. Thus, the properties of the particle imme-
diately behind the shock front (state 2) are the same as the
properties at the equilibrium state upstream of the shock front
(state 1).

u — IM T — T f%\Up2 ~ **/?!> * p2 ~ 2 pi \°J

The properties of the gas at state 2 are given by the Rankine-
Hugoniot relations. For steady one-dimensional flow, choos-
ing state 1 conditions as reference conditions (oo), the models
of Eq. (1) can be expressed in the following form.

A. Gas Phase
The continuity equation becomes

Using the particle phase equations, the gas phase momentum
and energy equations can be written as

du 3ReLfl
T- = — - ~dx 4

1 T
~u (9)

Using the particle phase energy and continuity equations, the
gas phase energy equation can be written as

dT
— x

6 2

'2Up' TD-B (10)

where

A=1+6+ B = 1+8 i+6r

B. Particle Phase
The particle phase continuity, momentum, and energy equa-

tions become

dx

dTp

dx

(11)

(12)

where
Rer=Rep(p/iA)\Up-u\

Given the initial conditions at state 2, the four coupled ordi-
nary differential equations (9-12) can be integrated for the gas
phase and particle phase velocity and temperature. The initial
conditions for the particle phase are the frozen conditions
given by Eq. (8). For the gas phase, the initial conditions are
the Rankine-Hugoniot relations.

To compute the normal shock and relaxation zone structure
using the finite-difference algorithm, the pressure at the equi-
librium condition (state 3) must be specified. The equilibrium
pressure p3 can be expressed in terms of state 1 quantities as
follows. The shock relations for the dusty gas flow are

Pp\Up\ - 6

P3

u3(E3+p3) + up3Ep3 = uplEpl

Equation of state:

Pi =

Equilibrium conditions:
Up\ = t/i , 7pi = Ti

w/?3 = W 3 » Tp3 = T3

Choosing the state 1 conditions as reference conditions (oo),
the shock relations are solved for the equilibrium pressure p3
and given by

(13)

where

7 =
7(1+

00 1+6F °°

The normal shock and relaxation zone structure was computed
employing the present finite-difference algorithm, Eqs. (6) and
(7). The problem was treated in two dimensions with a 101 x 6
plane mesh. The particles selected were uniform size glass
spheres of radius a = 2 pirn. The particle properties used and the
loading ratio specified were

Cm = 835 J/kg-K, pm = 2225 kg/m3, d = 0.5

For air the properties used were

R = 287.074 J/kg-K, Cp = 1007 J/kg-K

7=1.4, Pr = 0.72
The freestream conditions specified were

Moo = 6, 700 = 300 K

ReL = 1.3278 x 104, L = 1 x 10~4 m
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Fig. 1 Normal shock and relaxation zone structure (Mach = 6). Com-
parison of present finite difference and Carrier method solutions.
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The upstream boundary conditions are the freestream condi-
tions, where the gas and particle phases are in equilibrium. The
particle phase density is the specified particle loading. The
downstream boundary condition specified is the equilibrium
gas pressure/?3 given by Eq. (13). The present finite-difference
solution and the Carrier method solution are shown in Fig. 1
and are identical in the relaxation zone. The present method
also resolves the gasdynamic shock profile accurately.

V. Two-Dimensional Blunt Body
The geometry selected for the dusty gas calculation was a

20 deg wedge having a 1 cm radius circular arc blunt leading
edge. The model equations were transformed to general curvi-
linear coordinates and expressed in conservation-law form. A
121x49 C-mesh with clustering near the body surface for
viscous flow calculation was generated using GRAPE.14 After
an initial flow calculation, the shock region was identified and
the mesh was refined in that region using the Eiseman control
function.15

Far-field boundary conditions imposed were all flow vari-
ables specified at the supersonic inflow boundary and extrap-
olated at the supersonic outflow boundary. At the solid wall
surface, no slip and an adiabatic temperature boundary condi-
tion were used for the gas phase. For the particle phase, it was
assumed in the present investigation that the particles either
stick to the body or break after colliding with the body to form
much smaller particles, which then form a thin dusty layer at
the body surface.10 Hence, an adiabatic particle phase temper-
ature boundary condition was used, and the remaining particle
phase flow variables were extrapolated from the grid points
just above the solid surface.

The pure gas calculation was made first. The freestream
conditions specified were

Moo = 3, 6 = 0, ^ = 300 K
ReL = 1.2xl05, R = 0.01 m
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Fig. 2 Variation of gas and particle velocity and temperature, and
gas pressure along the stagnation streamline for a two-dimensional
blunt body at Mach = 3.

Fig. 3 Gas and particle streamlines around a two-dimensional blunt
body at Mach = 3.

Next, for the same freestream conditions and for a = 2 pun,
6 = 0.5, the dusty gas calculation was made. Figure 2 shows the
computed pure gas (6 = 0) and dusty gas (6 = 0.5) velocity,
temperature, and pressure along the stagnation streamline.
The gas and particle streamlines around the blunt body are
shown in Fig. 3.

In the pure gas case, the present computed shock standoff
distance is 0.71 cm and agrees well with the inviscid calculation
standoff distance values presented in Ref. 16. The computed
stagnation pressure and temperature values are/? =0.953 and
r = 2.823, and the exact isentropic values are p= 0.957 and
r = 2.83, respectively. In the dusty gas case, the computed
shock standoff distance is 0.65 cm. The gas phase stagnation
pressure and temperature values arep = 1.134, and T = 3.774,
and the particle temperature value is 7^ = 1.345. As can be
seen, the particle temperature Tp does not reach the gas tem-
perature T. Near the stagnation region, the particle velocity up
does not reach the gas velocity u9 and a slip velocity (up—u)
always exists. Hence, heat is generated in the gas phase due to
the work done by the particles passing through the gas. In the
case of particle phase, the temperature Tp does not increase
very much, that is, the heat transferred from the gas to the
particle is slight.
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Nomenclature
A = constant, Eq. (4)
/ = dimensionless stream function, Eq. (6)
G = auxiliary function, Eq. (14)
g = acceleration due to gravity
h = local heat-transfer coefficient
K = permeability of porous medium
k = effective thermal conductivity of porous medium
Nu = local Nusselt number, hx/k
q = local heat flux
Ra = local Rayleigh number, Kgp(Tw - T^^x/otv
T = temperature
AT = temperature difference between the wall and porous

medium, T^-T^
u,v = x and y velocity components
x,y = vertical and horizontal coordinates
a. = thermal diffusivity
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|8 = coefficient of thermal expansion
e = dimensionless vertical distance, Ax*/(Tw - T^o)
TJ = dimensionless horizontal distance, Eq. (5)
0 = dimensionless temperature, Eq. (7)
X = constant, Eq. (4)
v - kinematic viscosity
£ = nonsimilarity variable
<t> = auxiliary function, Eq. (14)
\l/ = stream function

Subscripts
iso = quantity related to the uniform porous medium
o = leading edge of the plate
w = wall
oo = ambient

Introduction

N ATURAL convection in porous media has recently re-
ceived considerable attention for its important applica-

tions in many engineering problems. However, most previous
studies have considered only a uniform environment. A ther-
mally stratified field, although encountered frequently in
many applications, has received rather little attention.

The first attempt to study natural convection in a thermally
stratified porous medium was made by Johnson and Cheng.1
Based on a general approach, they reached the conclusion that
a similarity solution is not possible for the case of a stable
stratification. Later, El-Khatib and Prasad2 presented a nu-
merical study on the effects of thermal stratification on natural
convection in a horizontal porous layer with localized heating
from below. Their results showed that the overall Nusselt num-
ber decreases with an increase in the thermal stratification.
Recently, Nakayama and Koyama3 extended the Johnson and
Cheng study to report similarity solutions for that special case
in which the ambient temperature increases inversely with the
distance (i.e., Ara#\ X<0). It is felt, however, that such
similarity solutions have limited application in practice due to
the assumed temperature profile.

It is the purpose of this Note to extend previous studies by
considering a more realistic temperature distribution which
may be actually encountered in applications, e.g., ambient
temperature varying with the distance (ATxxx, X>0). Since it
has been pointed out by Johnson and Cheng1 that similarity
solutions are not possible for this case, series solutions and
local nonsimilarity solutions are sought instead. It is expected
that the solutions thus obtained will have useful applications in
practice and will serve as a complement to the existing solu-
tions.

Analysis
Consider a vertical plate embedded in an infinite porous

medium (Fig. 1): The wall temperature is uniform at Tw, and
the ambient temperature varies with distance from the leading

Fig. 1 Vertical plate in a thermally stratified porous medium.


